ON THE HOMOLOGY OF THE DUAL DE RHAM COMPLEX 
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Abstract. We study the homology of the dual de Rham complex as functors on the 
category of abelian groups. We give a description of homology of the dual de Rham 
complex up to degree 7 for free abelian groups and present a corrected version of the 
proof of Jean's computations of the zeroth homology group. 



1.1. Divided power functor. Let Ab be the category of abelian groups. Recall the 
definition of the graded divided power functor (see [9J) = 0„>or„ : Ab — t- Ab. The 
graded abelian group T^{A) is generated by symbols '~fi{x) of degree i > satisfying the 
following relations for all x,y & A: 

1) 7o(x) = 1 

2) 7i(x) = X 

3) -fs{x)-ft{x) = (^^^^-fs+t{x) 

4) 7n(a; + y)= ^^(^htiv)^ ^ ^ ^ 

s+t=n 

5) 7n(-x) = (-l)"7n(a:), n > 1. 

In particular, the canonical map A ~ ri(y4) is an isomorphism. The following additional 
properties of elements of the abelian group T{A) will be useful {x,y E A, r > 1): 

7r(nx) = n^7r(x), n G Z; 
nrix) = x-fr-i{x); 

= r!7r(x); 
lr{x)y'' = x''-ir{y). 
A direct computation implies that 

r,.(Z/n) ~ Tjjnir^n 



where (r, n°°) is the limit \\m.m^oo{T^^^)- The degree 2 component r2(v4) of the divided 
power algebra is the Whitehead functor r(y4). It is the universal group for homogenous 
quadratic maps from A into abelian groups. 

1.2. Dual de Rham complex. Let A be an abelian group. For n > 1, denote by SP"^ 
and A" the nth symmetric and exterior power functors respectively. For n > 1, let 
and C"(y4) be the complexes of abelian groups defined by 

DH^) = SP\A) ® A""XA), < i < 
Cr(A) = A(A)®F„.,(A), 0<2<n, 
1 
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where the differentials d' : ^."(A) ^ and di : Cf (A) are: 

i 

d\{hi ...hi)® bi+i A ■ ■ ■ A 6n) = . . .bk . . .h) (8) bk A h+i A ■ ■ ■ A 6„ 

fc=i 

i 

di{bi A • ■ ■ A 6i (g) X) = A ■ ■ • A 6fc A ■ • • A 6i (g) bkX 

k=l 

for any X G r„_j(y4). The complex D'^(y4) is the degree n component of the classical de 
Rham complex, first introduced in the present context of polynomial functors in [3] and 
denoted f2„ in [5J. The dual complexes C^{A) were considered in |6]. We will call them 
the dual de Rham complexes. 

The dual de Rham complexes appear naturally in the theory of homology of Eilenberg- 
Mac Lane spaces. Let A be a free abelian group. There are well-known natural isomor- 
phisms (see, for example, [Ij): 

HnK{A,l) = A"(A), n > 1 
H2nKiA,2)=TniA), n>l 
H2n+iK{A, 2) = 0, n>0. 

Consider the path-fibration: 

K{A, 2) ^ PK{A, 3) ^ K{A, 3) 

and the homology spectral sequence 

El^ = KpK{A, 3) ® H,K{A, 2) Z[0] 

The dual de Rham complexes can be recognized as natural parts of the £''^-term of this 
spectral sequence. For example, we have the following natural diagrams: 

3 4,0 3 4,2 3 

-^6,0 ^ -^3,2 ^ -^0,4 



3 '^9.0 p3 '^''^ ^ P3 '^l^ ^ P3 

-^9,0 ^ -^6,2 ^ -^3,5 ^ -^0,6 



A%A) — A\A)®A — A(S)T2iA) — T:,{A) 

We will now give a functorial description of certain homology groups of these complexes 
C"(y4). Some applications of these results in the theory of derived functors one can find 
in 12]. 

Proposition 1.1. Let A be a free abelian. Then 

(1) [5] For any prime number p, HoC^{A) = A^Z/p, and HiC^{A) = 0, for alii > 0; 



ON THE HOMOLOGY OF THE DUAL DE RHAM COMPLEX 3 

(2) (6] There is a natural isomorphism 

p\n, p prime 

We will make use of the following fact from number theory (see [7j corollary 2): 
Lemma 1.1. Let n and k he a pair positive integers and p is a prime number, then 

,pk)^\k) 

where r is the largest power of p dividing pnk{n — k). 

Proof of Proposition \l.l\ (2). Let n>2 and define the map 

g„:r„(A)^0r„/p(A®Z/p) 

p\n 

by setting: 

gn : 7ii(ai) • • -Titlat) ^ 7ij/p(ai) . . . 7i,/p(at), 

p|ifc, for all l<fc<t 

^1 + \- it = n, e A, ak E A® Z/p. 

If [ii, . . . ,it) = 1, then we set 

Qnilhiai) . . ■liMt)) = 0, where at e A for all k. 
Let us check that the map g„ is well-defined. For that we have to show that 

Qnilnixhj^ix) . . . 7it(xt)) = qui (^^ ^ '^^^Ih+jii^) ■ ■ ■ Ijtixt)) (1.1) 

qn{jn{xi + yi) . . .Jj,{xt)) = qniM^iHiyi) ■ ■ -^jtixt)) (1.2) 

k+l=ji 

qnilni-xi) . ■■IjA^t)) = i-iy^qnilnixi) . ..-fj,{xt)) (L3) 

Verification of (11. ip . First suppose that p\ji +j2, p\ ji- Since for every pair of numbers 
n > k, one has 



n , / n 



{n,k) \/c/' 

we have 

f ji + 32^ 

Hence (''^j^"'^)^ = p(~^)- Observe that F ji+ja {A ® Z/p) is a p-group, hence 



:L4) 



P'mi, ii +32 =p'm2, (mi,p) = (m2,p) = 1, s > 1. 



31 



In+nix) =0, xeA^Z/p (L5) 



smce 



Ji+J2\m2 _ 

In+n [x) = pX'Jj.+n Ax) = 0. 

ji /mi P P ^ 
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The equality (11. 5p implies that 

V / , p|jfc, for all l<fc<t 

L)] E 7a±^ (a:) . . . 7,Vp(^* ) 

^ ^ ^ p ^ / p\jk, for all l<fc<t 

Let ji + j2 = p^m, {m,p) = 1. Lemma [1.11 implies that 



J1+J2 



p 

21 
P 



mod J9^ 



where r is the largest power of p, dividing (ji + i2)3i32/v^ ■ Since p|j2, we have 

'31+32- 



31+32 
31 
Hence 

' 31+32 
P 

ik 

P 

and the property fll.ip follows. 



p 

XL 

P 



mod p*. 



3i+32 
31 



7 Ji+j2 (x) =0, X e v4 (g) Z/p 



Verification of fll.2D. We have 



Qnilni^i+yi) ■ ■■Ijtixt)) - Yl (Inilkixihiivi) . ..Ijtixt)) = 

k+l=ji 

Y 7ji/p(^i + yi) • • • ljt/p{xt) - Y ^k/p{xihi/p{yi) . . . ijt/p{xt) = 

p\jt, t>l k+l=n p\k,p\l,p\jt, t>2 

Y 7ii/p(^i+yi)---7jVp(^t)- Y 5Z 7fe/p(^i)7Vp(^i)---7jt/p(^t) = 

p|jt, t>l p\k,p\l,p\jt, t>2 fc . i = iL 

p p p 

Verification of ( II. 3p . We have 

Qnilni-xi) . ..JjA^t)) - i-iy^qnilnixi) . ..'yj,{xt)) = 

Yl (7ji/p(-^i) - (-l)^'7ji/p(^i)) • • • Ijt/pixt) = 

Plifc, k>l 

since 

(7ii/p(-^i) - (-l)-''7ji/p(^i)) = 
(we separately check the cases p = 2 and p ^ 2). 

We now know that the map g„ is well-defined. It induces a map 

g„ : H'>C'\A) ^ 0r„/p(A®Z/p), 

p\n 

since = for every a G im{A (g) r„_i(A) — )■ r„(y4)}. 
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Let A = Tj, then 

Ho{Z) = coker{r„_i(Z) ® Z ^ r„(Z)} ~ coker{Z A Z} ~ Z/n. 
Let n = Y[Pi' be the prime decomposition of n. Then 

0r„/,^(Z/pO = 0Z/K'=Z/n. 

Pi\n pi\n 

It follows from definition of the map g„, that 

g„:ifoC"(Z)^0r„/p,(ZM) 

Pi\n 

is an isomorphism. 

For free abelian groups A and B, one has a natural isomorphism of complexes 

i+j=n, i,j>0 

This implies that the cross- effectQ C"(A|5) of the functor C"(A) is described by 

i+i=n, i,j>0 

and its homology (iffcC")(A|i?) = HkC"'{A\B) can be described with the help of Kiinneth 
formulas: 

^ HrC\A) ® HsC^{B) HkC''{A\B) 

i+j=n, i,j>0, r+s=k 

i:oi{HrC\A), HsC'{B)) ^ 

i+j=n, i,j>0, r+s=k—l 

Hence we have the following simple description of the cross-effect of HqC"'{A): 

HoC'^{A\B)c^ H,C\A)®H,a{B) (L6) 

i+j=n, i,j>0 

From the other hand, we have the following decomposition of the cross-effect of the functor 

tl^^{A\B)= r,(A®z/p)®rfc(5®z/p) 

l+k=n/p 

Hence 

0P/^(A|i?) = T,{A®Z/p)(8)T,{B®Z/p) (1.7) 

p\n p\n l+k=n/p 

We must now show that the maps g„ preserve the decompositions flL6l) and (11. 7p . This 
is equivalent to the commutativity of the following diagram: 



Given a functor F : Ab — > Ab, its cross effect is defined as the kernel of the natural map F{A\B) = 
ker{F{A ® B) ^ F{A) © F{B)}, A, B e Ab 
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HoC^iA) ® HoC^iB) '-^^ 0^1, r,/p(A ® Z/p) ® 0^1^. r,/p(5 ® Z/p) (1.8) 

p 

Hq{C\A)®C^{B)) 

p 

ifoC^'+-''(^ © B) ^ 0pi(i+i) ri±i((^ © 5) ® z/p) 

The map o (g^ (g) g^) is defined via the natural map 

lliidxk)®llin{yk)^ J2 n^wp(^On^wp(^i) e r^((A©5)®z/p), 

P\ik, P\jk P\{i+j) 

Xk ^ A, Vk & B, Xk e A® Z/p, yk^ B ® Z/p, ^ = j, y^^i^ = i 
and the commutativity of the diagram (ll.Sp follows. This proves that the natural map 

HoC^{A\B) ~ HoC\A) ® HoC^{B) ^ 

i+j=n, i,j>0 

0f^/^(A|5) = r,{A0Z/p)^rkiB®z/p) 

p\n p\n l+k=n/p 

induced by g„ on cross-effects is an isomorphism, and it follows from this that g„ is an 
isomorphism for all free abelian groups A. □ 

1.3. Derived functors and homology. Let A be an abelian group, and F an endofunc- 
tor on the category of abelian groups. Recall that for every n > the derived functor of 
F in the sense of Dold-Puppe [3j are defined by 

LiF{A,n) = 7ii{FKP^[n]), i > 

where P^, — )• A is a projective resolution of A, and K is the Dold-Kan transform, inverse 
to the Moore normalization functor 

: Simpl(Ab) ^ C(Ab) 

from simplicial abelian groups to chain complexes. 

Recall the description of the highest derived functors of the tensor power functor due to 
Mac Lance [8]. The group Tor'"^(y4) is generated by the n-linear expressions Th{ai, . . . an) 
(where all Oj live in the subgroup ^A of elements a of A for which ha = {h > 0), subject 
to the so-called slide relations 

Thk{ai, . . . , Oi, . . . a„) = Th{kai, kai_i, ai, fcj+i, . . . , /ca„) (1.9) 

for all i whenever hkaj = for all j ^ i and hai = 0. The associativity of the derived 
tensor product functor implies that there are canonical isomorphisms 

Tor["l(A) ~ Tor(Tor["-il(A), A), n>2. 

For n > 2, there is a natural isomorphism: 

®" (A) ^TorW(A). 
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The map ®" — > SP"" induces a natural epimorphism 

TorI"l(A) ^ L„_i5P"(A) (1.10) 

which sends the generators Th{ai, . . . , a„) of Tor'"^(A) to generators Phidi, ■ ■ ■ , ^n) of 

Sn{A) := Ln-lSF^{A) . 

The kernel of this map is generated by the elements Th{ai, . . . , an) with a, = aj for some 
i ^ j- It is shown by Jean in [6j that 

LiSP^'iA) ~ {LiSP'^\A) ® SP''-^'^^\A))/JacsP, (1.11) 
where Jacsp is the subgroup generated by elements of the form 

i+2 

^{-1)'' (3h{Xi, ...,Xk,..., Xi+2) ® XkUl . . . yn-i-2- 
k=l 

with Xi G hA and yj G A for all 

We will now construct a series of maps: 

/f : Li5P"/P(A ® Z/p) HiC'iA) 

for a free abelian A and p|n. We first choose liftings (xi) to A of a given family of elements 
(xi) e A^Zp. We set 



/f : /3p(xi, . . . , Xi+i) (g) Xi+2 ...xr^ r]i{xi, . . . , xzi) := 

^(-l)*xiA- ■ -AxtA- ■ ■Axj+i(g)7p_i(xi) . . .7p_i(a;t) . . . 7p_i(a;i+i)7p(a;t)7p(a;i+2) • ..'Jp{xr) 
t=i 

G A*(A) ® r„_i(A), Xfc G A (g) Z/p, Xfc G A. 
Proposition 1.2. T/ie maps /"'^ are weW defined for all i,n,p. 
Proof. We have 

rii{pxi, ...,xr) = 

"^{-lYpxiA- ■ -AxtA- ■ ■AXi+i®7p_i(xi) . . .7p_i(xt) . ■ ■'Jp-i{xi+i)'jp{xt)'jp{xi+2) ■ ■■Ipixii) 



t=i 



^(-l)*XiA- ■ -AxtA-- ■AXi+i(g)Xt7p„i(xi) . . .7p_i(xi) . ■ ■'Jp-iixi+i)'jp{xi+2) ■ ■■Ipix^) 



t=i 



di+i{xi A ■ ■ ■ A Xi+i (g) 7p-i(a;i) • ■■Ip-iixt) . ■ ■^p-iixi+i)'yp{xi+2) ■ ■■%ixR)) 

G im{A'+\A) ® r„_,_i(A) A\A) ® r„_,(A)} 
One verifies that for every 1 < k < n/p, one has 



7]i{xi, . . . ,pxk, . . . ,a;n) G im{A'+\A) ® r„_i_i(y4) '^4' A'{A) ® Tn-i{A)} 
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It follows that the map ^ : LiSP"'^{A ® Z/p) (A^(A) ® V ^_i{A)) / im{di+i) is well- 
defined. The simplest examples of such elements are the following 

r]i{Xi,X2) = Xi® XI'^2{X2) - X2® X2''^2{Xl) & A® T2{A), 

fl2{xi,X2, xs) = -xi A X2 ® 2;ia;272(a;3) + xi A X3 ® Xia;372(x2) 
- X2 A X3 ® X2X3-f2{xi) e A^(A) ® T^iA) 

By construction, the elements 77, lie in A* (A) ® Tn-i{A). In fact, let us verify that 
Viixi, ...,x^)e ker{A^(^) ® r„_,(A) 4 A'-\A) ® r„_,+i(^)} 

Observe that 
dirii{xi, ...,xr)^ 

i+l 

dj^(-l)*XiA- • -AxtA- ■ •AXj+i(8)7p_i(xi) . . .7p_i(xt) . ■ ■ ^p-i{xi+i)-fp{xt)-fp{xi+2) ■ ■ ■7p(a^f ) 
t=i 

In this sum, for every pair of indexes l<r<s<i-|-l there occurs a pair of terms 

(-l)^+''XlA. ..Xr...Xs-- -AXi+imrlp-lixi) . ..^p--i{Xs) ■ . . ^p-i{Xi+i)^p{Xs)^p{Xi+2) ■ --IpixR) 

and 

{-ly^'^^XiA. ..Xr...Xs-- -AXi+i^XsJp-lixi) . ..-fp^i{Xr) . ■ ■ Jp-liXi+i)-fp{Xr)jp{Xi+2) ■ ..Jp{x!l) 

which cancel each other. It follows that the entire sum is equal to zero. 

For the same reason, the map 

i+2 

^{-l)''f3p{xi,...,Xk,...,Xi+2) ®Xkyi...yi ^ 

k=l 

i+2 i+2 

^{-if Yl {-'i-rXiA...Xm...Xk---AXi+2^ 

k=l m=l, m<k 

i+2 

( n %-ii^i)hpi^mhp{xkhp{yi) ■ ■ ■ ip{yi)+ 

1=1, l^m,k 
i+2 i+2 

Y,i-^f J2 (-1)"^'^! A...Xk...X^---A Xi+2^ 
k=l m=l, m>k 

i+2 

( n ^P-iixi)hpi^mhp{xkhp{yi) ■ ■ ■ ip{yi) 

1=1, l^m,k 

is trivial. □ 
Given abelian group A and i > 0, consider a natural map 

p\n p\n, p prime 

Theorem 1.1. The map fp is an isomorphism for i > 0, n <7. 
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Proof. Given an abelian simplicial group {G,,di, Si), let A{G,) be the associated chain 
complex with A{G,)n = Gn, dn = Yl^=oi~^)"'^i- Recall that given abelian simphcial 
groups G, and H,, the Eilenberg-Mac Lane map 

g : A{G,) ® A{H,) ^ A{G, ® H,) 

is given by 

(p;g)— shuffles (fJ.,!^) 

For any free abelian group A and infinite cyclic group B, we will show that there is a 
natural commutative diagram with vertical Kiinneth short exact sequences: 

e,+,=. r+s=k LrSP\A ® Z/p) ® L,SP^{B ® Z/p) 0^^^.^^^ ^^^^^ HrC^iA) ® H.C^iB) 
LkSP^iiA © 5) Z/p) i/fcC"(A © B) 



0,+,=., ToT{LrSP%A), L.SP^B)) . 0^^^.^ 



__^_^i:oi{HrG\A),H,Ci{B)) 
(1.12) 



where all maps are induced by maps Since i? is a cyclic, it is enough to consider the 
case s = and summands of the upper square from fll.l2p 



LrSP\A © Z/p) © SP^{B © Z/p)" 



LrSP'+^{{A®B)®Z/p) 



fip+jp.P 



HrG'P{A © Z/p) © HqG^p{B © Z/p) 

hr 

HrG'P+^P{{A®B)®Z/p), 



(1.13) 

where the maps Sr, hj. come from Kiinneth exact sequences. Consider natural projections 
ui : LrSP'+^A © Z/p) © SP'-''-\A © Z/p) LrSP\A © Z/p) 

U2 : LrSP'+\{A © 5) © Z/p) © SP'+'J-'-^iA ®B)® Z/p) ^ L,SP'+^{{A ® B) ® Z/p) 
The map is defined by 

: Mi(/3p(ai, . . . , ar+i)©ar+2 • ■ • aj)©&i ■ ■ - bj U2{/3p{ai, . . . , ar+2)©ar+2 ■ ■ • aj^i • • • fcj), 

ttfe G A © Z/p, he B® z/p 

We have 

© /o'''''(Mi(/3p(ai, • • • , flr+i) ® ar+2 . . . tti) © 6i . . . 6j) = ?7r(ai, . . . , a^) © ip{bi) . . . 'jpibj) 
and we see that the diagram f ll.lSp is commutative. 
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The map is an isomorphism for a cychc group A, since both source and target groups 
are triviaL For i = l,n = 4, and cychc B, we have a natural diagram 

LiSP^{A(g)Z/2\B (g)Z/2) ^ HiC^iAlB) 

i i 

Tor(A ® Z/2, 5 ® Z/2) Tot{HoC\A), HoC^{B)) 

and the isomorphism ff fohows. The proof is similar for other i, n. The only non-trivial 
case here is i = l,n = 6, for the 2-torsion component of HiC^{A). In that case, the 
statement follows from the natural isomorphism 

Tot{SP\A ® Z/2), Z/2) ^ Tor (Is (A ® Z/2), Z/2) 

for every free abelian group A. □ 

Remark 1.1. For any free abelian group A and prime number p, there are canonical 
isomorphisms 

L„_i5P"(A ® Z/p) - A"(A ® Z/p) 

LiSP'^iA ® Z/p) = coker{A*+2(A ® Z/p) ® SP'^-'-^A ® Z/p) 

A'+\A ®Z/p)® SP''-'-\A ® Z/p)} 

where Hi is the corresponding differential in the n-th Koszul complex. 

When 2 = 1, n = 3 and A a free abelian group there is a natural isomorphism 

LiSP^{A ® Z/p) c^L^{A® Z/p), 

where £^ is the third Lie functor (see [2j, for example). Observe however that the natural 
map 

fl : LiSP^{A ® Z/2) ^ HiC^{A) 

is not an isomorphism. Indeed, every element of LiSP'^{A ® Z/2) is 2-torsion, whereas 
HiC^{A) can contain 4-torsion elements, since its cross-effect HiC^{A\B) contains Tor(r2(A(8) 
Z/2), T2{B ® Z/2)) as a subgroup. The map ff is given by 

/32(a, b) ®cdi-^ a® a72(&)72(c)72((i) - b® 572(0)72 (0)72 (rf), a, b,c,d e A. 

The following table, which is a consequence theorem II. gives a complete description 
of i7jC"(A) for 72 < 7 and A free abelian: 



q 


HoC^iA) 


H^C^iA) 


H^C^iA) 


HsC'iA) 


7 


A®Z/7 











6 


r2(A®z/3) ©r3(A§ 


^Z/2) a\a®z/3)®j:%a^ 


^Z/2) A^{A®Z/2) 





5 


A®Z/5 











4 


r2{A ® z/2) 


A2(A(g)Z/2) 








3 


A®Z/3 











2 


A® z/2 












For example, the isomorphism 

f : A\A®Z/2) ^ HiC\A) (1.14) 
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is defined, for representatives a, 6 G A of a, 6 G A Z/2, by 

f : a ®b ^ a ® 072(6) - b® 672(a). 

Acknowledgement. Tlie autlior tlianks L. Breen for various discussions related to tlie 
subject of tlie paper. 
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